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Abstract 

In view of two-dimensional topological gravity coupled to matter, we study the 
Seiberg-Witten theory for the low-energy behavior of N = 2 supersymmetric Yang- 
Mills theory with ADE gauge groups. We construct a new solution of the Picard- 
Fuchs equations obeyed by the Seiberg-Witten periods. Our solution is expressed 
as the linear sum over the infinite set of one-point functions of gravitational de- 
scendants in d < 1 topological strings. It turns out that our solution provides 
the power series expansion around the origin of the quantum moduli space of the 
Coulomb branch. For SU{N) gauge group we show how the Seiberg-Witten periods 
are reconstructed from the present solution. 



Recently it has become clear that the Seiberg-Witten (SW) solution |]J of N = 2 su- 
per symmetric Yang-Mills theory shares several common properties with two-dimensional 
topological field theory. For ADE gauge groups this relation is recognized if one considers 
the SW solution in view of the ADE singularity theory. The relevance of the ADE sin- 
gularity theory to the SW solution was speculated when the original SU (2) SW solution 
was generalized to the case of other gauge groups 0. 

To further develop the idea it was crucial that the ADE singularity, which is usually 
expressed in terms of three complex variables, admits the description just by using a 
single variable [|3], M. As a result the SW curve is regarded as the fibration over CP 1 
whose fiber is the single-variable version of the superpotential for the ADE topological 
Landau-Ginzburg (LG) models in two dimensions. 

An important consequence is then that the Picard-Fuchs equations obeyed by the SW 
period integrals are shown to be equivalent to the Gauss-Manin system for the ADE topo- 
logical LG models plus in addition the scaling equation ||. Note that the Gauss-Manin 
system, on the other hand, is known to yield the topological recursion relation M when 
topological LG models are coupled to two-dimensional topological gravity @. Another 
interesting topological field theoretic aspect of the SW theory is that the holomorphic 
prepotential of N = 2 Yang-Mills theory satisfies the WDVV equations f8j. A simple 
proof based on topological LG models is given in || . 

Thus we have seen that fundamental properties of two-dimensional topological field 
theory such as LG superpotentials, the Gauss-Manin system and the WDVV equations are 
all exhibited by the SW solution of four- dimensional N = 2 Yang-Mills theory. One may 
then ask if there is any room in the SW theory where two-dimensional topological gravity 
plays a role. Our purpose in this article is to present explicitly the affirmative answer to 
this question. As will be shown, the effect of two-dimensional topological gravity can be 
captured when we study in detail the behavior of the SW period integrals near the origin 
of the quantum moduli space of the Coulomb branch. 

For ADE type gauge group G with rank r, the underlying Riemann surface [TIJ to 
describe the low energy behavior of the Coulomb branch of N = 2 Yang-Mills theory is 
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given by 

W G {xM°,---,t r - 1 )-z-^ = ^ (1) 

where Wq(x; t°, . . . , t r ~ l ) is identified as the superpotential for the LG models of type 
G with flat coordinates t a (a — 0, - • • , r — The overall degree of Wq is equal to h, 
the Coxeter number of G, and /i 2 = A 2/l /4 with A being the dynamical scale. t a has the 
degree r a = h — e a+ i + 1 where ej is the i-th exponent of G (ei = 1, e r = h — 1). The SW 
differential 

Xsw = ~ (2) 

2m z 

is used to define the period integrals 

a 1 = f \sw, ab=f -W, I=l,---,r (3) 

JAj JBi 

where Ai and Bi are canonical one-cycles on the curve. 

Employing the technique of topological LG models, one can obtain the Picard-Fuchs 
equations for the period integrals II = (a^a^) p|. For example, from the operator 
product expansions for the primary fields O a = d t <xW{x) with d t a = -J^: 

r-1 

O a (x)0(3(x) = ]T C Q /(t)0 7 (x) + Q aP {x)d x W{x), (4) 

7=0 

where d x Q a p = dt<*d t pW, one gets the Gauss-Manin system 

r-1 

d ta d t pll - C a ^{t)d t ,d t oU = 0. (5) 

7=0 

Similarly, from the scaling relation for the LG superpotential: 

^ dW 

xd x W + J2r a t a 7 — = hW, (6) 

one obtains 

(E r a t a 5 t « + hfid^ - 1 J n = 0. (7) 

\a=0 / 



1 Note that the flat coordinates are labeled differently from ||. Here we follow the convention custom- 
ary in two-dimensional topological gravity. 
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The remaining equation is obtained by regarding the LHS of the spectral curve ([!]) as the 



superpotential of topological CP 1 model |T1|] . Namely, from the superpotential 




one may obtain the differential equation 



Vd t 2 ) n = o. 



(9) 



Note that the log /i 2 and t° play a role of flat coordinates of the topological CP 1 model. 
The Picard-Fuchs equations (||), ([7D and @ completely characterize the structure of the 
periods. The weak-coupling (fi ~ 0) analysis shows that the prepotential agrees with the 



We now discuss the topological gravity coupled to the ADE topological minimal model 



group G with rank r is obtained by twisting the N = 2 minimal models with the central 
charge c = 3d with d = (h — 2)/h. The primary field O a (a = 0, ■ • • , r — 1) is a BRST 
invariant observable, which has the ghost number charge q a = (e a+ i — l)/h^\ In particular, 
Oq is the identity operator. 

Coupling to topological gravity, we obtain gravitational descendants a n {O a ) {n = 
0, 1, 2, • ■ ■) of O a . Here we define ao(O a ) = O a . Note that the identity operator Oq and 
its first descendant a\(Oo) are identified with the puncture operator P and the dilaton 
operator, respectively. To each cr n (O a ) we may associate a coupling constant t". We refer 
to the space spanned by as the large phase space. The small phase space is defined by 
putting = (n > 1) except t\ = —1 and tg ^ 0. tgis actually the flat coordinate t a . 

Then the correlation functions are given by the derivatives of the free energy F [t]: 



microscopic calculations up to one-instanton level |12|, 13|. 



at genus zero || |H| . The topological minimal model associated with the ADE type Lie 




(10) 



In particular, in the small phase space, we have 



(PO a Op) = Va/3, 



(11) 



2 Notice that the ghost number charge is equal to the degree divided by h. 
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where rj a p = 5 ea+1+ef3+u h is the flat metric. Structure constants C a /3 J (t) are given by the 
three point functions: 

(O a OpCP) = C a ^(t), (12) 

where O 1 = rp^Op and t] at3 is the inverse matrix of r] a p. In the large phase space, one 
can show that F [t] obeys the following equations^]: 

• the dilaton equation 

2F [t] = J2ty t?t F [t]. (13) 

• the ghost-number conservation equation (or L -constraint) 

J2(n + b a )t%d t «F [t} = 0, (14) 

where b a = q a — (d — l)/2 = e a+ i/h. 

• the topological recursion relation 

(a n (O a )XY) = Y,{°n-i{O a )O p ){OPXY). (15) 

P 

In the small phase space, we have the puncture equations 

(pfi^(o ai )) = e<ik .jaj). (i6) 

i=l i=l j=l 

From the topological recursion relation fll~5|) and the puncture equation (|16D, it is easy 
to show 

(0 a (Vn(e> 7 )> = Y,(°c l OpOP')(PO (3 ,a n (0 J )). (17) 
This is equivalent to the differential equation 

r-1 \ 
dtrdp ~ £ C a /(t)d t0 'd t o (0- n (0 7 )> = 0, (18) 

/?'=o / 

which is nothing but the Gauss-Manin system Then one can introduce the power 

series 

U a = y Zc n>a (a n {O a ))^ n+9 "\ (19) 

n>0 



which satisfies the Gauss-Manin system. Here c n>a , p and 9 a are constants which are 
determined by requiring that Yi a obeys the scaling relation (|7j) and the CP 1 relation (|9[). 
From the dilaton equation and the ghost number conservation (|TJ]) in the small phase 
space, we obtain 

(MO/0) + MP)° m {Of>)) -^2t a (O a a m {O fi )) = 0, (20) 

a 

(m + b p )((T m (O fi )) - (b + l){a x {P)a m {O p )) +Y.Kt a (O a a m (O p )) = 0, (21) 

a 

respectively. Eliminating the term (ai(P)a m (0/3)) in the above two equations, we getf\ 
J2(q* - l)t a d ta (o n (Op)) + (n + b /3 + b + l)(a n (Op)) = 0. (22) 

a=0 

From this relation and (0) we find p = — 1 and 9 a = b a + 1. We next check the CP 1 
relation. From the puncture equation (|16|), we have 

(PV n (0 a )> = (a n . 2 (O a )). (23) 

Thus the CP 1 relation yields the recursion relation for c„ ja : 

c n +2, a = ^{n + b a + l) 2 c n>a . (24) 

We need two extra terms 4c_ 2iQ ?7o,a//~ 6Q /(l — b a ) 2 + 4c_i )Q r] Q , j at /5 'p~ ba in addition to TL a 
in order to satisfy the CP 1 relation. To summarize the solution to the Picard-Fuchs 
equations is given by 

n « = A*E 1% 1 h ^ {^{o a ))^^ + B a e r( ; r tX )2 (^(^))^ (2ra+feQ+1) - 

n>0 1 I 1 "T 2 / n>-l 1 I 2 / 

(25) 

where (o\_i(0 a )) = (PO Q ) = 77^, (a_ 2 (C a )) = (P 2 C a ) = T(x) is the Gamma 
function and A a , Bp are certain constants. 

We next investigate the physical meaning of the solutions ( |2"5j ) of the Picard-Fuchs 
equations. The SW period integrals n = (a 1 , a^) should be expressed in terms of U a . 
Obviously, the weak coupling solutions do not correspond to the present ones because they 



3 Since 1 — q a = r a /h, eq. (P4) indicates that the degree of (a n (C^)) equals h(n + 1 + b/3) + 1. This 
indeed agrees with the degree we can directly read off from the integral representation (|35|). 



are the expansion around /i = and exhibit the logarithmic behavior. The solutions (|25| ) 
are, on the other hand, expansions around fi = oo. Hence we expect that these correspond 
to the period integrals expanded around the origin of the moduli space t a = 0. At this 
point, one cannot expect any massless soliton, and hence there appear no logarithmic 
solutions. 

In the following we check this claim in the case of An-i type gauge groups explicitly. 
Firstly we examine the simplest case, i.e. Ai case, in which the superpotential is given 
by Wa 1 = x 2 — u. The periods (a, ap) are evaluated by the elliptic integral. The solution 



at the weak coupling region is given in terms of the hyper geometric function |T2 



a(u) = -^/5F( r £ !;__), 

iV« f n ,l 1 A 4 /A 4 \ 

+ g(lM_i)»^ [-i^n + y+^n + ^+^n-bjA (26) 

where A 4 = /x 2 /4, (x) n = T(x+n)/T(x) and ip(x) = dl °^ ■ The hypergeometric function 
F(a, b; c; z) is defined by 

F(a, 6; c; z) = ^ — (27) 

n=0 ' 4 - 

In order to make analytic continuation to the region around u = 0, we use the formulas 
for the hypergeometric functions ||15||; 



F(a, b; c; z) = If ^{'j (e" 2 )- a F(a, a-c + l;a-6 + l; z" 1 ) 
1 (c — ajl (o) 

+ ^—^- (e^z)- b F(b, b - c + 1; 6 - a + 1; z' 1 ), (28) 
1 (c — o)l (a) 



h n = 2^(1 + n) — ^>(a + n) — ^(l — c + a + n) — it cot 7r(c — a), 



where in fl29|) we take the branch | arg(e 7r *z)| < n. Applying ( p8|) and fl29|) to the solutions 
(p6|), we obtain 

a{u) -^/T\ e ^ r( "4 )F(_ 4'~4'2'F )+2 l ^ r( 4 } F( 4'4'2'F' 



iA { , 1 n9 . 1 1 1 u 2 , fu\ ,l x9 ,113 u 2 A , . 

0D(U) = -SF(I) { F (-4' F( -4- -4 ; 2 ! F> - 2 fe) r <4> F <? 4 ! 2 ; F>| ' < 3 °> 

Let us consider the topological gravity. In this case, the observables are the gravita- 
tional descendants cr n (P) of the puncture operator P. The one-point function (a n (P)) is 
given by 

(- U ) n + 2 



Thus the formula Tl a for a = in (|25]) may be evaluated explicitly. We get 

ret _l 6q+u2 i i i 2 

£, r( t±iV (g2 " (p »^ (2 " +t " + " = "^-f-i'i'^ < 32 > 

where &o = \- Let us define Iq(u, fi) by choosing v4 = T(l + 6 /2) 2 /r(6 ) and B Q = 
r((l + 6 )/2) 2 /r(&o)for n in©; 

U u ,fi) = -L^ {r(-l) 2 F(-i -i; -; 4.) - -r(i) 2 F(-, 1; -; ^-)\ . (33) 

Io(u, fi) and I (u,—fi) are two independent solutions to the Picard-Fuchs equation for 
SU(2) gauge group. Comparing ( p0|) with (|33|), we obtain 

a = -^-(/ok^-^oK-M)), 
z\/2 

a D = — —I (u,fi). (34) 

07T 

We now generalize the Ai result to the An-i case. We consider the topological gravity 
coupled with Ajv-i-type topological minimal models fl4j]. Let W(x) = x N — Y J f=2 s i xN ~ % 
be the LG superpotential of Aw-i type. The one-point function of the n-th gravitational 
descendant a n (O a ) of a primary field O a is given by pj 



(on(Oa)) = r » i 9 , f — ^(a;)"^, n>-2, (35) 
r(o Q + n + 2) Jx=oo 2vt« 

where b a = Expanding W(x) n+1+ba around x = oo, we have 
W(x) n+1+ba = a»«+W £ tp^^t±l±M H ^VS^-. (36) 
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Taking the residue at x = oo, the non-zero contribution in the sum (|35| ) occurs for the 
case J2iL2^ m i = N(n + 1) + a + 2. Since m N = n + 1 + ~r 2 ^ ; the one-point 



A? 

function becomes 



k«^)> = E rn „ \„ , (-ir^m N n ^ w (37) 



! ! r ( X - a {™> + & {m}) V *=2 / 

' - i nloffor 

{«»}' 



ijv= n + 1 + b a — fc' r _-, dnteger 



where a{ m } = Eil 2 2 m ii b '{ m } = (Eil 2 2 im i ~ ^)/ N and { m i\ denotes m 2 > 0, • • • , m A r_ 1 > 
0. As in the case of Ax, we define J a (sj,/i) by choosing A a = T(l + b a /2) 2 /T(b a ) and 
J B a = r((l + 6 a )/2) 2 /r(6 a ) in©; 



Uw) = ^- E r( n + fe ; - )V n - a (o a ))/i- (ft+ft -- 1) . (38) 

1 n>0 Z 

One may regard I a (si, fi) and I a (si,—fi) as independent solutions of the Picard-Fuchs 
equations. Combining fl3~T|) and fl38|), we obtain 

{ t^ } r ( i - a {m} + b\ m} ) v ^ m, ! ; 

JV6' . =a+l(modJV) 

{m} 

x |r(— ) f(— , — , -, ^) - r(— 2— ) -n— 2— > —a—. 2' • 

(39) 

We next calculate the period integral of the SW differential around the origin s, = in 
the quantum moduli space. We make analytic continuation from the weak coupling region 
S2 = ■ ■ ■ = sjv-i = and sn = oo to the region around s 2 = ■ ■ ■ = sn = 0. To evaluate 
the period integral in the weak coupling region, we will use the formulas obtained by 
Masuda-Suzuki From the Barnes type integral formulas, the period integrals (a k , a k D ) 
(k = 1, • • • , N), 4 which are subject to the constraint Y.k=i °" k = Y,k=i a D = 0> are given 
by 



a 



N A r(l-6' ) lHm,;W ^ 2 ' 2 ' ' 



2iV 



b r 



{m»} L \ 1 U {m}) \i=2 *" / * * a W 



4^ ^ -*K»fr >r , , ^ -2^> sinvr^ 



'For the Ai case (N = 2), we have a 1 = —y/2a(u) and = — v /^a_o(w). 



m } \ . i I . {m 



x |-2^(n + 1) + ij(n + fa) + ij(n + b ' {m \ + - ) + log f ^) + 2tt cot 7rtV {m} 



where = Si/s% N and 4/i 2 = A 2Ar . By using the formula fl28|), a fc becomes 

1 , /AT— 1 mj\ u-ib', , c\r, Tj-h' , 



e W(a {m} - b {m} ) I £ — U we => 

iV {m,} \i=2 »•/ 



7T 



This turns out to be 



4mN 

For a|,, applying the formula fl28|) and (p9|) , we get 



I /N-l „mi \ 

_ Ee «r(a w - W E- 



{ mi } \i=2 "W 



x {sin 2 fal r (fa) 2 F(fa, fa; 1; A) 



This is shown to be 



(40) 



x _| sin ^ r(Tm . 2 , 2 >2> ^ 

+ - cos ^ r( ^ )2 ^ ( fe±I fe±l. 3. ^ n (41) 



2 v 2 ' K 2 ' 2 ' 2' 4/i 

^i^kt!).^^^;?!)], (43 ) 

2 v 2 ; /i 2 ' 2 '2'4/i 2 M v ; 



.1 / p-iribc, \ 

£ e " 27r4fc " Q ^) - cot 7r& Q / a ( Si , -/i) . (44) 



D AN^^f" ^sin7r& a 

So far we have calculated the period integrals for Ajy-i case. It would be a straightforward 
task to generalize the present results to .D-type gauge groups. 

In the present work, we have seen that the period integrals of the Seiberg-Witten 
differential at the origin of the quantum moduli space are described by two-dimensional 
topological gravity coupled to topological ADE minimal models. How do we then inter- 
pret the dependence on /i? It is tempting to regard (fj) as the superpotential for the ADE 
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minimal models combined with the topological CP 1 model. In view of the CP 1 model the 
power of p 2 counts the degree of holomorphic maps from the Riemann surface to CP 1 , 
and hence has to be non-negative integers. It is thus curious to have negative fractional 
powers of p? for n > 1 in (|25|) . On the other hand, there is another interpretation of ([!]) in 



terms of topological sigma models. According to |17 , the LG models with superpotentials 

W(x,y) = W G (x;0)-py- h (45) 

correspond to sigma models with the ALE target space of ADE-type singularities; 
Wg{x; 0) = p. Therefore, setting z = y h , we may think of the superpotential ([1]) as 
deformations of (^). The LG formulation of the sigma models on the ALE space describes 
the Type IIB string on K3 x R 6 when the K3 surface is near the ADE singularities. Note 
here that Type IIB on ALE is equivalent to Type IIA on the NS fivebrane [|l7]]. Hence, 
identifying the Riemann surface (H) with the superpotential in the LG description of 
deformed ALE sigma models seems consistent with the M-theory fivebrane interpretation 
of the SW solution [T8|. Connections between ADE d < 1 topological strings and the ALE 
sigma models have been discussed on the basis of superconformal theories . Clarifying 
the relation between |T7| and our present observation of SW theory as d < 1 topological 
strings will be important for deeper understanding. 

There are several issues to be considered further in this direction. We have investigated 
the two-dimensional theory at genus zero and in the small phase space. Hence it is 
interesting to generalize the present approach to the case of arbitrary genus and general 
background. After appropriate change of normalization of the power series solutions 
I a {si,±p) correspond to loop operators in two-dimensional theory and are realized by 
Zjy twisted bosons. The Virasoro or TV-constraints in two-dimensional theory impose the 
non-trivial conditions on the prepotential in four dimensions. In the four- dimensional 
sense, these generalizations might correspond to including the higher derivative terms or 
the coupling to four-dimensional gravity. It is also interesting to investigate the relation 
between the present formalism and the approach based on the Whitham hierarchy 1^ . 
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